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Distribution of zeros of the partition function of the antiferro-
magnetic Husimi-Temperley model 11

S Katsura and M Ohminamit
Department of Applied Physics, Tohoku University, Sendai, Japan

MS received 18 August 1972, in revised form 26 September 1972

Abstract. This paper is concerned with determining the distribution of zeros of the partition
function in the antiferromagnetic case. A principle to determine the limiting locus of zeros
of the partition function in the complex fugacity plane has been proposed in a previous paper
with a plausible argument and the locus was obtained for the antiferromagnetic Husimi~
Temperley model. The principle states that the locus is obtained as the place where the real
parts of two branches of x(z) (= analytic continuation of lim 1/N In Z, where Z is the
partition function), whose real parts are the largest and the next largest among several
branches, take the same value. Now the proof of the principle is given for the AHT model.
The principle is intuitively plausible and it is suggested that it may work for quite a wide class
of models.

1. Introduction

This paper is concerned with determining the distribution of zeros of the partition
function in the antiferromagnetic case. In a previous paper (Ohminami et al 1972,
to be referred to as 0AK) an exactly soluble model for the antiferromagnet (antiferro-
magnetic Husimi-Temperley (AHT) model) was introduced and the distribution of zeros
of the partition function in the fugacity plane for the model was obtained. The model is
defined in such a way that a lattice can be divided into two equivalent sublattices and all
pair interaction energies between spins on the same sublattice are —yJo,6,/N, and
those on the opposite sublattice are —Jo,0;/N (J < 0 for the antiferromagnetic inter-
action).

In oAk the locus of zeros was obtained as the place where the real parts of the two
branches of the complex free energies, whose real parts are the smallest and the next
smallest (real parts of In Z the largest and the next largest) among several branches,
take the same value. This description was given in 0AK with a plausible argument in the
analogy to the case where the transfer matrix method is applicable (Katsura and
Ohminami 1972, Ohminami et al 1972, § 3). For a one-dimensional hard core gas the
principle of the maximum of Reln Z has been proved by Penrose and Elvey (1968).
In this paper the proof of the principle is given for the AHT model. The principle seems to
work for a wide class of models.

2. Asymptotic form of the partition function

The partition function of the antiferromagnetic Husimi-Temperley model is written as
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For the explanation of the model and notation, see 0AK. Equation (2.1) is transformed
into
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Here we used the transformation
e’ =pn V2 f exp(—u? + 2su) du (2.3a)
e ¥ = n‘”zf exp(—v? — 2isv) dv. (2.3b)
for real s. The summation in equation (2.2) can be carried out and gives
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When the real temperature ¢ and the complex magnetic field h are given, points X,
y which maximize Re f(x, y) are obtained from

a o
= =0, 5y =0 2.7)
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hence they are given by coupled equations

A —1 . 1/2
= _i(l%“_/)”z(.tanhh 1{(1+v)/2}1/2tx+{(1 /)y

—_ _ _ 2
+tanh ‘{(1+v)/2}”2;< @~y y) 59
and
= (L%Z)l/z(tanhh_i{(l+y)/2}1/2;°+{(1—}’)/2}”2y
_ tank P HU+9Y2) ”Zf —{(1- y)/z}”zy). -

The coupled equations (2.8a) and (2.8b) can be decomposed into two equations each of
which contains only x, 4, t and only y, h, t (see equations (4.6) and (4.9)).

In general we have an infinite number of pairs x, y, which satisfy (2.8a) and (2.8b) for
given tand h or t and the fugacity z (= e~ 2*"). They are different branches of an analytic
function defined by equations (2.8a) and (2.8b). The function f(x, y) regarded as a func-
tion of z is a many-valued function and is denoted by x(z) (= f(x(z), y(z))). First we
consider the case where there exists only one pair x, y which makes Re f(x, y) the largest
among branches of f(x, y). Let the point be denoted by x,, y,, and the function f(xg, yo)
regarded as a one-valued function of z by y...(z) (= f(x,(2), yo(2))). Expanding f(x, y)
at xg, Yo, and evaluating the integral by the contribution of the integrand near x, y,,
we have (see Appendix)

oC o0 2
f . dy f_ 3 dx MY = m exp(Nf (x4, yo)) (2.9)
~ exp{N(Re f(xo, yo)+iIm f{xg, yo))}- (2.9)

In the limit N - oo we have

lim (Z(z, z, N)'Y = exp(f(xo, yo))- (2.10)
N-ow
Suppose z moves along a curve in the complex z plane. When z getsto a point at which
the largest and the second largest among Re f(x;, y;) become equal (the branches are
denoted by f(x,, y,) and f(x,, y,)) and at which Im f(x,, y,) # Im f(x,, y,), the contri-
butions of these two saddle points become of the same order, and hence for such z,
we have

Z(t,z, N) ~ exp(N Re f(x;, y,)) {exp(iN Im f(x,, y,)) +exp(iN Im f(x,, y,))}. (211)

A set of points at which the largest and the second largest of Re f(x, y) are equal,
makes an arc in the complex z plane. In a region which does not contain such arcs,
Xmax(2) 18 regular. On such arcs y,,,,(z) is discontinuous though Re y(z) can be continuous
(phase transitions in the complex h or complex z plane). Phase transition of the ferro-
magnet in real z was clarified using such a mechanism by Husimi (1953, see also Katsura
1955). The present paper is an application of the principle to the antiferromagnets in
the complex z plane.
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3. Zeros of the partition function

In this section we will give a prescription for obtaining the zeros of the partition function
with its proof. First we prove a theorem.
Theorem. Define

B p— 1 I

1(z) = ln Z(t, z, N). (3.1)
Let R be a region in the complex z plane in which zeros of Z(r, z, N) do not exist for
N > N,. Then y,,,(z)is regular in R.

Proof. xn(2) has no poles and singularities except zeros of Z,(t, z, N). In any closed
region D in R we can take M independent of N and z such that |y,(z)] < M. From (2.10),
xx(z) tends to yn.(2) in R. Hence by Vitali’s theorem y,,,(z} is regular in D. Since we
can take any closed region as D in R, y,,,(2) is regular in R and hence the theorem is
proved.

The theorem is an extensiont of the theorem of Yang and Lee (1952, theorem 2,
see also Huang 1963). Hence by the contraposition of the theorem, a point at which
Imax(2) 18 DOt regular, is a limit point of zeros of the partition function. Thus an arc on
which y,.«(2) is not regular, obtained as a point where Re f(x,, y,) = Re f(x,, y,} and
Im f(x;,y,) # Im f(x,, y,), is a set of limit points of zeros of the partition function.

Indeed comparison of (2.9) and (2.11) shows that we cannot make |Z(t,z, N)| < ¢
in a given neighbourhood of z at which only one y,.,(z) exists, while Z(t,z, N) = 0 is
possible only in the neighbourhood of z at which Re f(x,, y;) = Re f(x,, y,). Itisto be
noted that the reverse of the Yang-Lee theorem does not hold for the antiferromagnetic
case (while it does for the ferromagnetic case). When we take a region R inside which
Imax(2) 18 regular, then zeros of Z(t, z, N) cannot be generally excluded for such a region
even for sufficiently large N. (When we take a point z, and a neighbourhood of z, in R,
zeros of Z(t, z, N) can be excluded for sufficiently large N in this neighbourhood.)

Thus the prescription for obtaining the locus of zeros of the partition function was
proved as a necessary and sufficient condition. The loci of zeros obtained by this pres-
cription have already been shown in 0AK. The circle theorem for the ferromagnetic
Husimi-Temperley model can also be proved by the present method, though it is a
direct consequence of the Lee—Yang theorem for the Ising ferromagnet (Katsura 1955).

4. Reduction of coupled equations (2.84) and (2.85)
The magnetization ¢ (per spin) is given by

OmZ/N o of ox of oy h—i{(1+ )23 2x + {(1 = )2} 2y
=(— = = — = 3 tanh

3 ohtoxoh ay oh "

h=i{(1+y)/2} Px = {(1—y)2} 2y @1)

+4tanh p

+.Modifications of the Yang-Lee theorem presented here (R may not include thereal axis,andadd ‘for N > N’}
are irrelevant to the essentiality of the Yang-Lee theorem.
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When we put
1 1/2
x = —1(—;—))) (0,+0p)

[\ 4.2)

= ("—2‘-) (6,—0p)

equations (2.8a) and (2.8b) are transformed into

o, = tanh h=0s=70
o 4.3)

o, = tanh h=o.19

and we see that o, and o, are the complex magnetization of sublattices « and . In terms
of o, and g, the negative of the complex (Helmholtz) free energy muitiplied by ¢ (equation
(2.5)) is written in

1 B g
fley) = 3{20a0ﬁ+)’(03+a§)}+%1n(2 cosha+m‘

4.4)
heo —
+% 1n(2 cosh —a“t——yﬂ-).

Eliminating h, we have
1
flx,y) = Z{Zaao,, +y(02+0p)}—5In(l—62)—%In(1—ad)+In2. (4.5)

In terms of g,+ 04 and o,— 0, the coupled equations (2.84) and (2.8b) to determine
x and y are decomposed into two independent equations

tS, arccosh A

LS Rauhihidblalll 4.6
ST Ao - (40
4= -C, 4.7
Ga+aﬂ
M —
S, = sinh 2" (H?("“”")
(4.8)
2h—
C, = cosh h (1+*;)(aa+0a)
and
S,(2h—t arccosh B)
. = 49
ST T T (B - D @)
B = 25, -C, (4.10)

0'1—0'5
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1— —
5, = sinn =172

(4.11)

C2 = COSh (_}:/_).([O'_ajg_)

Equation (4.6) with equations (4.7) and (4.8) contains only ¢, + ¢, and equation (4.9)
with equations (4.10) and (4.11) contains only ¢,—g;.

We consider the case for real h. Equation (4.9) always has a solution in which «, = g,
(y = 0). It has two real solutions 6,— 0, = +{(1 —7)/2} ~'/*y, at low temperature and at
low field. These two solutions become pure imaginary at high temperature. The
solution y = 0 is a paramagnetic state. Equation (4.6) was derived under the condition
o, # 0;. When g, = 0y, equation (4.6) is replaced by

h—(1+7y )
o, = tanh——(;_ﬁrz (4.12)

where g, = (0,+0,)/2.

The analysis of the solutions (4.6) and (4.9) clarifies that the antiferromagnetic free
energy is lower than the paramagnetic free energy in the antiferromagnetic state (see
Appendix).

5. Conclusion

This paper is concerned with determining the distribution of zeros of the partition
function in the antiferromagnetic case. A principle was proposed and used in obtaining
the locus of the AHT model in a previous paper. The principle states that the locus is
obtained as the point where the real parts of two branches of y(z), whose real parts are
the largest and the next largest, take the same value. In that paper a plausible argument
was used by analogy with the case where the transfer matrix method is applicable
(Katsura and Ohminami 1972, Ohminami et al 1972, § 3).

In this paper the proof of the principle was given for the case of the AHT model.
The principle is now proved to work for the one-dimensional hard rod model (Penrose
and Elvey 1968), the one-dimensional antiferromagnetic model (Katsura and Ohminami
1972), and the ferromagnetic and antiferromagnetic Husimi-Temperley models. The
principle seems to work for a wide class of models. Ever since the work of Yang and Lee
(1952) there has been a need for a similar theorem in the antiferromagnetic type of case.
The suggested principle, if provable for a wide class of cases generally, could well be one
of the missing pieces of the puzzle.
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Appendix. Saddle point method for a function of two variables

Consider an integral

I= J‘ dyf dx eN/txr) (A1)
with such a function f(x, y) where lim__, . . Re f(x, y) = — o for fixed y and lim,, ,
Re f(x,y) = — oo for fixed x are satisfied.

First we consider I, = [ _dx e/ regarding y as a parameter. Let x; be points

in the complex x plane which make Re f(x, y) maxima for a given y. The saddle points x;

are obtained from df/0x = 0. The path of the integration is deformed to be a steepest
path through the most dominant saddle point. In general x;is a function of y. Then

I, = T expNf(x;, ) f dx exp{ANfa(x;, 1) (x = x,2) A2)
j C

where Z; is taken for such points x; that lie on the steepest path C (in the complex x

plane), which goes from — oo to + oo and passes through the most dominant saddle

point.
We put
«(X:,y) = R, el®
JarlXj, ¥) Ry (A3)
x—Xx;=r;e
then the direction of the steepest line near x; is given by
¢;=3(n—®) (A4)

and the integration path is replaced by an infinite line with this direction at each X;.
Thus

12 ~ Z exp(fox(xja y)) J ei¢j drj exp(— NRJI‘?/Z)
j -

. 2n 1z
= ;exP(Nf(xj, ) exp{3i(n—arg fxx(xjay))}(m) . (A.5)
Next we substitute (A.5) into (A.1)
© 27 112
I= ; f » dy exp(Nf(x;, y)) exp{Fi(n —arg f.(x;, Y))} (m) (A6)
Let
Fiy) = f(x£»), ) (A7)

and y, the points which make Re F{y) maxima. Replacing y by y, except that on the
exponent Nf(x;, y), and carrying out the integration in a similar way as previously,
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we have

1/2
) exp{i(n— 3 arg F,,(y\)}

) 2n
= ; ; exp{l(n—% arg fxx(xj’ yk))(N‘fxx(xj, yk)l

21 1/2
( NIF,(yyl

exp(NF(yy). (A8)
Since x = x(y) is determined by f.(x, y) = 0, the differentiation on F can be written

as

dF (8 f, @
e (ay r.ox’ (89)
&CF (o 1, U (2 fy Sy @S
o (a—y‘ Eax)f TS i

Hence x; and y, are determined by solving f, = 0 and f, = 0. The value of F, at y, is
given by

Fylyd = f3P—(fG 142 (A.11)

where fUP = f.(x;, y)) etc.
Substituting (A.8) and (A.11) into (A.1) we have

I~Y Y explin—4iarg fG —diarg{ fY —(F49)/ £401

J ok
2n
“N| 7GR TP (fT0)

211/2 exp(Nf(xj, Vi) (A.12)

Im x
Re x
I
max
(a)
Im oy | Im y
i H
‘ 1
| ‘y|
max min max Re y max Re y
+ <
A A lyz
h
i !
(bH) (c)

Figure 1. Saddle points and the path of the integration for real k. (a) x plane; (b) antiferro-
magnetic state in y plane; (¢) paramagnetic state in y plane.
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When N is sufficiently large, Z;Z, is replaced by the largest term, which is denoted by
X; = Xo, Yx = Yo. Then

6 2n
legxfgy—(fgy)
where ¢, is the value of the phase factor at (x,, y,) corresponding to thatin (A.12).
From the analysis of §4 we see that three important saddle points, y,, y, = 0,
y3 = —,existin thesecond integral [ _dy. Inthe antiferromagnetic region, y, and y;
are real, f,(xg, y1) = f,,(X0,¥3) <0, f;(Xo,y2) > 0 and the most dominant saddle
points are y, and y,; (= y,), while in the paramagnetic region, y, and y, are pure imagin-
ary, f,uxo, ¥1) = fi,(x0, ¥3) > 0, f,(x0, ¥;) < 0, and the most dominant saddle point is
V. {= yo), for real h. When h goes from the antiferromagnetic region to the para-
magnetic region, the most dominant saddle point changes from y, (y;)to y, at the critical
field (figure 1). When h is complex, a similar situation occurs though y; and y; are
neither real nor pure imaginary.

i

I ~e 2|1/2 eXp(Nf(xo, yO)) (A13)
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